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1 Introduction 



M-theory in eleven dimensions [Ij,^ unifies all the five perturbative superstring theories in 
ten dimensions and it should be reduced to 11-dimensional supergravity theory in its low 
energy limit. Supermembrane in eleven dimensions [3] is believed to play an important 
role to understand the dynamics of M-theory. In fact, it was shown that the wrapped 
supermembrane on x leads to the type IIA fundamental strings in the shrinking 
limit of 5*^, or by means of the double dimensional reduction On the other hand, type 
IIA superstring theory on x is equivalent via T-duality to the type IIB superstring 
theory on x S*^, where is the dual circle whose radius is inversely related to the one 
of the S*^ [SI E] • And the shrinking limit of the type IIA superstring theory on x 
leads to the type IIB superstring theory in M^°. Accordingly, M-theory on x in the 
shrinking volume limit of is reduced to the type IIB superstring theory in [7]. It 
was shown that the type IIB superstring theory contains a bound state of p fundamental 
strings and q Dl-branes (D-strings), which is called a (p, g)-string [HIE]- It was pointed 
out that the supermembrane wrapped p times around a compactified direction and q 
times around the other compactified direction of the target-space is reduced to a [p, q)- 
string [8J. Recently, type IIB (p, g)-string action was deduced directly from the wrapped 
supermembrane action on x adopting the double dimensional reduction and T- 
duality [lU], in which the reduced supermembrane is coupled to both the RR and NSNS 
2-forms and it has the correct tension of (p, g)-string. 

Supermembrane theory is self-interacting and it has continuous energy spectrum [llj . 
This implies that it is inherently multi-body and has no coupling constant. Thus we 
cannot directly adopt the ordinary canonical quantization procedure to the superme- 
mbrane theory. In order to handle the supermembrane the matrix regularization was 
introduced as a "quantization" procedure of the supermembrane . Matrix theory 

[E] is described by x matrices which can be thought of as the spatial component 
of 10-dimensional super Yang-Mills fields after reducing to H-O dimension. This super- 
symmetric quantum mechanical system is interpreted as the low energy effective theory 
of DO-branes (D-particles). And it was conjectured that the N oo limit of the system 
captures all the degrees of freedom of M-theory in the infinite momentum frame. 

Matrix theory compactified on leads to matrix string theory [TSl [ISl [IZj through 
the T-duality prescription [T8]. And hence matrix string theory can be thought of as 
(l-l-l)-dimensional super Yang-Mills theory describing the low energy effective theory of 
D-strings. It is also conjectured to give a non-perturbative definition of the type IIA 
superstring theory. Similarly, the matrix regularization of wrapped supermembrane on 
MP X leads to matrix string theory [121 [201 EI]- Furthermore, the matrix regularization 
procedure of wrapped supermembrane on x was introduced [22] and it was shown 
that the regularized theory is T-dual to (2-M)-dimensional super Yang- Mills theory [22j 
which is low energy effective theory of D2-branes. 

The purpose of this paper is to deduce matrix [p, g)-strings directly from a matrix- 
regularized lightcone supermembrane compactified on a 2-torus referring to the analysis 
in ref. [To]. In addition, following the lines of [22], we will obtain the (2-1-1 )-dimensional 
super Yang-Mills theory in a curved background from the matrix regularized wrapped 
supermembrane and we examine the duality in the dimensionally reduced type II string. 
We should note that the curved background fields are not mapped to matrix-valued 
background fields, or they are proportional to the unit matrix in the matrix regularization. 
The background plays the role of probing the membrane or {p, g)-string. That is, we 
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shall see that both the NSNS and RR 2-forms are coupled to the matrix regularized 
(p, g)-string. 

The plan of this paper is as follows. In section [2] we mainly review the matrix regu- 
larization of the lightcone wrapped supermembrane on MP x [22] to fix the notations, 
which are used in the following sections. In section [3] we will consider a lightcone wrapped 
supermembrane compactified on a 2-torus in a curved background and apply matrix reg- 
ularization technique to it. Then we adopt the double dimensional reduction technique 
and derive the Green-Schwarz {p, g)-string. In section H] we also start with the wrapped 
supermembrane. Then we apply the matrix regularization technique with a suitable 
choice of the matrix representation to give a standard form of super Yang-Mills action in 
a curved background and we consider the SL{2,M.) transformation and type IIB string 
duality. The section is devoted to summary and discussion. 

2 Matrix-regularized wrapped supermembrane in flat 
background 



The 11-dimensional supermembrane in the lightcone gaugqj is given by (only bosonic 
degrees of freedom are presented here) 



LT 



2 J Jo 



2tt 



(2.1) 



D,X^' = drX^' - U A, X^ }, (2.2) 
{A,B} = e'^d^^Ad^,B, (2.3) 

where dr = d/dr, d^r = d/da\ i,j = 1,2, e^^ = _^2i ^ ^^^ii _ ^22 = g, M,Ar = 
1, 2, ■ ■ ■ , 9, X^^ is the target -space coordinates and A is the gauge field, T is the tension 
of the supermembrane and L is an arbitrary parameter of mass dimension — lj§ This 
theory has the area preserving diffeomorphisms (APD) of the spacesheet as a residual 
symmetry. Note that L can be changed for L' by a simple rescaling of r — > {L/L') t. 

Let us consider the wrapped supermembrane on MP x taking X^ and X^ as the 
coordinates of the two cycles of the T^. Then the target-space coordinates X*^ and the 
gauge A are expanded a^ 

00 

X\a\a') = w,L^a'+ J] F^^,,,) 6^^=-^+^^-^ = ^iL^a^ + ri(a\ a^), (2.4) 

fci ,^2 = — 00 
00 

X\a\ a') = W2L,a' + J] Y^l^,^^ ^^k^.^+^k,.- ^ ^^L^a' + Y'{a\ a'), (2.5) 

fci ,fc2 = — 00 

00 

X"^{a\a') = Yl ^(Ti.fc.)^*'^'^''''^'' (2-6) 

fcl,fc2 = — 00 
00 

A{a\a') = Yl A^^k.M)e''''''^''"'\ (2-7) 

fcl,fc2 = — 00 



^ In this paper, we consider only toroidal membranes. Precisely speaking, in this case, we need to 
impose the global constraints associated with the information of the global topology [53]. 
^The mass dimensions of the world- volume parameters, r, cr^ and cr^, are 0. 
•^The r-dependence is not written explicitly for all the variables. 
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where m = 1, 2, ■ ■ ■ , 7, Li and L2 are the radii of the two cycles of and Wi, W2 (7^ 0) 
are integers. These fields satisfy the periodicity conditions, 





+ 

1 


2tx) 

J 






(2.8) 




" ' 


27r) 


= X\a\a^), 




(2.9) 


X\a^ 


+ 2ti 




= X^(a\a^), 




(2.10) 


X\a^ 


+ 27r 




= 2TXW2L2\X^{a^ 




(2.11) 




+ 2tx 




= X'"(a\a2 + 27r) 




(2.12) 




+ 27r 




= A((t\ (T^ + 27r) = 




(2.13) 



These represent the supermembrane wrapping wi-times around one of the two compact 
directions X^ and W2-times around the other direction X^. We call these two cycles (0, 1)- 
and (1, 0)-cycles, respectively. Plugging eqs.f l2.4l) -f l2.7l) into the covariant derivatives and 
the Poisson brackets, we have 

^ D^X' = d,Y'-^d^^A-^{A,Y'}, (2.14) 

^ DrX' = drY' + ^d^2A-j{A,Y'}, (2.15) 

+ '^d..Y' + ^{Y^Y'}, (2.16) 

DrX"^ = drX"" -]r{A,X"'}, (2.17) 

D^iX"" = y{X^,X"'} = -^^^d^iX'^ + y{Y\X'^}, (2.18) 
D^2X"' = y {X^X™} = ^^9,2X™ + y {F^X™}. (2.19) 



Thus, the action (12. ip is rewritten by 



5 = — I dr I da^da^ 







+ (D,X'")2 - (D,iX"^)2 - (D,2X™)2 - X'", X'^ }2 



(2.20) 



2.1 The matrix representation 



Here we shall consider the matrix regularization of the wrapped supermembrane on 
X T^, eqs. fl2.ip - fl2.7l) . The procedure for the matrix regularization is the following 
[22]: (i) Introduce the noncommutativity on the spacesheet of supermembrane, or re- 
place the product of functions on the spacesheet to the star-product, (ii) If possible, find 
the central elements of the star-commutator algebra and truncate the generators of the al- 
gebra consistently, (iii) Give a matrix representation of the (truncated) star-commutator 
algebra. 

The star-commutators algebra for the set of generators [e^^^"^ +tk2cr ^cr^^ cr"^ \ ki, k2 & "Z} 
is given by [20l 



■ ^^k^aHik2a^ ^ ^ik'.a' +tk'^a^ |^ _ gj^ (^1. e'^ k,k'^ ^i(k^^k',)a^ +^(k2+k'^)a^ ^ ^2.21) 



4 



N 
2'nki 

N 
.27r 



(2.22) 
(2.23) 
(2.24) 



Since we can not find a central element of the algebra eqs.f l2.21"]) -f l2.24p . the truncation is 
not possible in compactified case. The generators are represented by x matrices 
with two continuous parameters 9^, (P' 



^i{uiN+vi)u'^+i(u2N+V2)u'^ ^ ^i{uiN+v\)d^ /N ^-i{u2N+V2)9'^ /N ■^-viV2/2 y'"2 Jjvi ^2 25) 

(2.26) 
(2.27) 



-2mdf,il 



where A = e*^''/^, Ui, U2 G Z, Vi, V2 = 0, ±1, ±2, ■ ■ ■ , ±Mfl 1^ is the x unit matrix 
and U, V are the N x N clock and shift matrices, respectively, 



/ 1 



U 







A2 



V 

These have the following properties, 

jjN ^ yN 



V 



/O 1 
1 



1 • 



1 
0/ 



(2.28) 



In 



VU = \UV . 



(2.29) 



Then, the functions X^,X^,X™ and A of and cr^j^ or eqs. fl2.4p - fl2.7l) are represented 
by the N x N matrices 



1 

> cr 



-2mw2L2de2lN + "^OHn + Y\e\ 9^), 
X™(0\02), 



(2.30) 

(2.31) 

(2.32) 
(2.33) 



where (S represents F^, F^, and A) 



M 



^ ^ ^ ^ '^(«lA''+tll,J12A''+D2 

tii,U2SZ ?;i,U2=— A/ 



^ gj(MiA''+Di)6'i/A'' ^-i{u2N+V2)d2/N •\^-v-iV2/2 ■yV2 jjvi 

(2.34) 



Note that E!(^^^,^^^) satisfies the boundary condition [22], 

E{e^ + 271,6^) = VE{e\e^)v\ E{e\e^ + 271) = uE{e\e^)ul (2.35) 



''Note that the parameters 9^ are, in principle, independent of the spacesheet coordinates a^,(T^. 
We assume N odd, A'^ = 2M + 1 and we have parametrized k N + Vi {i = 1,2). 

^Of course they are also functions of r. We just do not mention it explicitly. 
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Furthermore, the Poisson bracket and the double integrals are represented as follows 

.N . , 



27r 



2lT 



1 

N 



2tt 



de^de'Ti[*[ 



(2.36) 
(2.37) 



Thus, from these results with a rescaling r t/N, the matrix- regularized action of the 
wrapped membrane on MP x is given by 



-^2+1 = ^ I dr 



2tt 



dO'dO' Tr 



+ {DrX^y - {DeiX 



m\2 



m \rn 1 2 



2(27rL)^ 



[X'^.X 



where 



Fq1q2 
DrX"" 
DglX"^ 



L 2txL 



Q^y2 _ ^ 



de2A + 



W1W2L1L2 ^ , WiLi 2 ^2-^^2 r, ,.1 

-j^lN + ^de.Y -^de.Y 

drX"' + 



2nL 



[Y\Y' 



2nL 



[A,X^' 



wiL 



- aiX" + 



L 



2ttL 



Y\X'' 



(2.38) 

(2.39) 
(2.40) 
(2.41) 
(2.42) 
(2.43) 
(2.44) 



Note that the fields and A have mass dimension —1 and the parameters 

r, have mass dimension 0. We also rewrite the action fl2.38p to the standard form 
of Yang-Mills theory. In order to adjust the mass dimensions of the fields and the pa- 
rameters, we rewrite them by introducing some dimensionful constants. 



Y^{e^ 


0') - 


aAi{x'^, 




(2.45) 


Y\B^ 


0') - 


aA2{x^, 




(2.46) 




d') - 


a(j)"'{x^ 


x'), 


(2.47) 


A{e' 


0') - 


aAo(x^, 




(2.48) 




- 


a;VSi, 




(2.49) 




- 


- x'/^2, 




(2.50) 




T - 






(2.51) 



where a has mass dimension —2 and Si, S2 and S have mass dimension —1. Then, the 
action (12.381) is rewritten by 



S2+1 



LT 1 



dx 



2 ^1^2^ 

+ {D^X'^f 



27rEi 



dx^ 



27rS2 



dx Tr 



[Fre^f + {F^e^f - {Fg. 



(DeiX 



m\2 



{De^X'^Y + 



a 



2{27TLy 



(2.52) 



L 2'kL 

F,Q2 = EadoA2 - — EaaSsAo + i—- [ Aq, A2 
L 2'nL 



NL L L 2tcL 



a 



ZTCL 



De2X"' 



L ZttL 



L 



■Tj2ad2 



+ i 



a 

2^ 



A, 



(2.53) 
(2.54) 
(2.55) 
(2.56) 
(2.57) 
(2.58) 



where do = d/dx^ and di = d/dx"^. Here we have put wi = W2 = 1 for simphcity. In order 
to bring the field strength fl2.53p - fl2.55p into the standard form, we obtain the folfowing 
relations [22] 



El 
S2 



a 



2'kL ' 

a 

27rLi 

a 

2tiU 



(2.59) 
(2.60) 
(2.61) 



Then, we have obtained the standard form of a bosonic part of (2+l)-dimensional maxi- 
mally supersymmetric U{N) Yang-Mills theory with the constant magnetic fiux. 



2+1 



-Poi 
-^02 
F12 



27rSi 



dx' 



dx Tr 



{Foif + (F02)' - (F12)' 
1 



+ (1^00™)' - (/^i0'")' - (/^20'")' + 

doAi-diAo + i[Ao,Ai], 
dQA2-d2AQ + i[AQ,A2l 
h2 + diA2-d2A^+i[Ai,A2l 

+ (a = 0,l,2) 



with the boundary conditions (H stands for Aa and 0™"), 

S(x^ + 27rSi,x2) = VE{x\x'^)V\ 
H(x\x^ + 27rS2) = f/H(x^x2)t/^ 

where the constant magnetic fiux /12 is given by 

1 



12 



In 



(2.62) 

(2.63) 
(2.64) 
(2.65) 
(2.66) 



(2.67) 
(2.68) 



(2.69) 



27rA^SiS2 

and qym is the gauge coupling constant of mass dimension one half, which is given by 

gl^ = (27r)-2(SiS2)-^/2 (^1^2)-'/' T-\ (2.70) 



^Eqs. (|2.60p and ()2.6ip represent the T-duality which relates the radii {Li,L2) of the 2-torus in M- 
theory and the those (Si, S2) of the dual 2-torus in the super Yang-Mills theory. We should stress that 
we have obtained the same relations from the different viewpoint ^22, . 
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We also define the dimensionless gauge coupling constant gYM by 

fy,, ^ ^7^,,(2vrEi2vrS,) V2 = i2n)-\L,L,)-y^ = ^^^^ , (2.71) 

where In is the 11- dimensional Planck length related to T by = (27r)^/fj^. This dimen- 
sionless gauge couplingconstant exactly agrees with that obtained in ref. [25] including 
the numerical constant^! Note that in refs. [26] the super Yang-Mills theory was regarded 
as the low energy effective theory of D-branes in deriving such a relation, while we have 
taken a different approach of matrix regularization of supermembrane in this section. 
Furthermore, the constant magnetic flux /12 in eg. 02.651) agrees with that obtained in 
refs. [2S1 [2Sj including the numerical constant. 



2.2 The general matrix representation 

We have adopted a simple representation fl2.25l) - fl2.27l) for the star-commutator algebra 
f i2.2ip - fi2.24p to bring the wrapped supermembrane action to the standard form of super 
Yang-Mills theory in eqs. fl2.62p - fl2.66p . However, we could adopt more general represen- 
tation of the algebra 

gifclcrl+ifc20-2 _^ ^ikiT'-.e^ /N ^-viV2/2 jjvi (2 72) 

a' -> ddedN + diO'lN, (2.73) 
e'de^lN + miN. (2.74) 

In fact, we can easily check that this is also a representation of the star-commutator 
algebra with following constraints 

ik.T-e^ = -2Tik2, (2.75) 

ik,T-c^ = 27iki, (2.76) 
27r? 

e^d.-dh = — , (2.77) 



N 



where the matrix T*^ is given by 



- (c^e^-l^ei) ( -c' I' ) • ^^-^^^ 

Note that in such general representation the resultant action is not always in the standard 
form of the super Yang-Mills action. In section H] we shall consider the supermembrane 
wrapped around the general two-cycles of T^. Then we shall use this general represen- 
tation to bring the wrapped supermembrane action into the standard super Yang-Mills 
action. 



3 Wrapped supermembrane in curved background 

In this section we consider the supermembrane wrapped around nontrivial two cycles 
of and apply matrix regularization procedure to it. Then we perform the double 
dimensional reduction and derive the matrix {p, g)-strings. 

^Note that the parameters Si, S2 and Li, L2 in ref . |26] represent the chxumferences but not the radii. 
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3.1 Setup 

The bosonic part of the hghtcone supermembrane in 11-dimensional curved background is 
given in ref . [271 EH] . It was conjectured in ref. [29] to identify a hghtcone component of the 
background 3-form A_mn with the noncommutative parameter of the 2-torus. We need 
more study on this issue, however, since our goal in this section is to deduce the Green- 
Schwarz {p, g)-string action from the matrix-regularized wrapped supermembrane by the 
double dimensional reduction, we shall put the background fields along the hghtcone 
directions zero. Then the action in ref.|27| is reduced to contain only fields with the 
transverse indices, 



LT f f"^^ 
2 J Jo 



(3.1) 



1 ^{x^,X^Y + yD^X''AMNP{X'^,XP} 



2L^' ' ' L 

where Amnp the 3-form field, X*^ is target-space coordinates and the transverse indices 
M, N,P = 1, 2, ■ ■ ■ , 9 are contracted by the target-space metric Gmn- Considering the 
line element on a 2-torus 

dsl^ = Guv dX^'dX'' = (Gss - {dX^f + G99 (dX^ + ^rfX^) ' , (3.2) 

V G99 / V G99 / 

where u,v = 8,9, we shall choose the target-space coordinates satisfying the following 
boundary conditions [lOj 



V^X9(ai,(T2 + 27r) = 27iwiLip+,/G^gX^ia\a^), (3.3) 



'Gss-^^X'{a\a' + 27r) = 2^w,L,q + Jg,, - X\a\a') , (3.4) 

<J-99 V ^99 



V^X9(ct^ + 27r,(T2) = 2TiW2Lir + ^/G^^X\a\a'^) , (3.5) 



'Gs8-^X«(ai + 2vr,a2) = 2r^w,L,s + Jg,, - X\a\a') . (3.6) 



or 



X\a\a^) = R^{wipa^ + W2ra^) + Y\a\a''), (3.7) 

X\a\a^) = R2{wiqa^ + W2sa') + Y\a\a^), (3.8) 

wher^ 

pr + qs = 0, ps — qr = Tie > 0, (p, q,r,s & Z, Wi E N\{0} , W2 G Z\{0}) (3.9) 



anc^iol 



Ri = , R2 = I . (3.10) 

V ^99 . /Cgg _ 



^We may assume ric > and wi > without loss of generality since we can flip the signs of {p, q) 
{~p,—q) (for wi) and {r,s) (— r, — s) (for ric) if necessary. Furthermore, we may see that eg. (1531) 
leads to (r, s) = n{~q,p) (n £ N). 

i°We shall see i?i = Li e^^^/a f^^^ eg. fRTI) and hence M/II A- relation, or lld/IIA-SUGRA- relation, 
leads to Ri = £11 (11-dimensional Planck length). 
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F* {i = 1,2) and the other fields in eqs. fl2.6p and (12.71) satisfy the periodic boundary 
conditions, Y\a^ + 27r, a^) = Y\a\ + 27r) = Y\a\ a^), etc.. The above expressions 
represent that the super membrane is wrapping wip-times around one of the two compact 
directions {X^) and wig-times around the other direction (X^), or wi-times around {p, q)- 
cycle along the cx^-direction on the worldsheet. And also it is wrapping i(;2-times around 
(r, s)-cycle along the cx^-direction. These two cycles are orthogonal to each other and 
intersect at least once. Thus, this wrapped supermembrane is expected to give the (p, q)- 
string [HI [in]- In fact, we shall see below that the (j9, g)-string comes out through the 
double dimensional reduction. 



3.2 Matrix regular izat ion and double dimensional reduction 

We shall follow the matrix regularization procedure presented in section [2] [22] and then 
consider the double dimensional reduction [4j with the matrices. One comment is in 
order: In this paper we do not consider the matrix regularization of the background 
fields, which play the role of probing the membrane X^ and hence the background fields 
Gmn and Amnp are proportional to the unit matrix in the matrix regularized action. 
The double dimensional reduction is carried out along the (p, g)-cycle [10], however, we 
should be careful to really deduce the (p, g)-string. First we should notice the foUowings. 
Once we intend to deduce type IIB superstring we shall consider the shrinking volume 
limit of the 2-torus keeping the ratio of the radii finite, 

= finite. (Li,L2^0) (3.11) 

and the ratio is the type IIB coupling constant [7J. On the other hand, by using the re- 
lations between the 11-dimensional supergravity and 9-dimensional type IIB background 
fields in eqs. dRlSll - dRM [301 [3T] we have 



r (G89)^ 1 J 

=e-- = ^ = ^, (3.12) 

(^99 9b ^1 

where 9? is a background of the type IIB dilaton. Thus eq. (l3.12l) leads to 

Ri = i?2 = Rb ■ (3.13) 

Then we set (13.131) hereafter in this section!"] 

Next we determine the spacetime directions to align with the worldvolume coordinate, 
or we fix the gauge. We define X^ and X^ by an SO {2) rotation of the target-space [10] 



\ Xy I ^P''i> \ X 

where 

' p q 



Oip,q) { ^s], (3.14) 



Om = — [ U . JeS0(2), c,,= vV+?. (3.15) 

Cpq\-q pj \-q P J 

Then X^- and X^-directions are given by 

X' = wiCpqRBa'^ +pY^ + qY'^ = 01(7"^ + Y\ (3.16) 
^ ^^^^[^^i_^Y'^pY' = C2a' + Yy, (3.17) 



Cpq 



^We do not set ea. (|3.13p in sectional 
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and they are aligned with {p, q)- and (r, s)-cycles, respectively. The transverse metric 
and 3-form are transformed as 



uv 



G 



MN 



A 



dxu dxy ' ^^^^^ dxu dxv ox^ 

where U,V,W = 1, 2, ■ ■ ■ , 7, z. We shall parametrize Guv as (cf. eq.( lB.ll) ) 



A 



QXM QX^ QX^ 



MNP 



(3.18) 



^ r: — drnn ~l~ ^ Gjyi2:G 



G 



uv 



~ — 9ijn ~l~ Gy^Gp 
G,,z 



9 my ~l~ Q G fnzG yz Gjyiz 



yz ^yz 



^ — 9yy + GyzG. 



(3.19) 



\ Gyz Gzz ) 

Here we shall introduce a noncommutativity on spacesheet fl2.2ip - fl2.24p and give 
a matrix representation as is given in eqs. fl2.25l) - fl2.27l) . fl2.36l) and fl2.37l) . The double 
dimensional reduction on the matrices is carried out by imposing the following conditions 
on the oscillators (S stands for X™,!^^ and A) and background fields, 



yz 



0, 9022 = 0^ 



and 



(3.20) 
(3.21) 



dQiGijy = d02Auvw = . 
Then the oscillators are reduced to the diagonal matrices 

M 

-(^') = E E S(.,^+.,o) e^(-^+-)^^/^ f/- , (3.22) 

iiiGZ vi=—M 

and the commutators between them automatically vanish. Under the double dimensional 
reduction, the non-zero components in the action come from the followings. 



27iL 
—i 



DrX' 

DrXy 
[x',xy] 



j^deiA; 

drY, 
drX"", 



2tiL 



\X\X'' 



(3.23) 

(3.24) 
(3.25) 

(3.26) 
(3.27) 



where F = + (C2 9^ /N)!^. Then the action (13. ip is rewritten by 



27rTL 



27r 

dr I dO^ Tr 





V Gzz Gzz 



f 9n 



-( 



Qyn 



VGz 



+ "1^ )doX^doY 

Gz 



^ (GmzdoX^'d.A + GyzdoYd,A^ + GyyidoYf + ) Gzz{d,Af 



L 



Gzz ~9yy{diYy + 2~g^yd^X^d^Y + ~g^^d^X"'d^X^ 



2Gi 

H ^{^nmzdoX"' diX"^ + Amzy^^ daYdbX 



(3.28) 
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where a, 6 = 0, 1 and we adopt the notation of {do, di) = {dr, dgi) only in sectional Then, 
solving the field equation of A and rescaling r tL/{Ci^/G^) we obtain the double 
dimensionally reduced action 



S 



2nT 



V {dmn 



(3.29) 



3.3 {p, g)-string from wrapped super membrane 

In this subsection we derive the {p, g)-string action from the reduced supermembrane 
action in eq. fl3.29p . The action has an abelian isometry associated with the other com- 
pactified F-direction, we can make a dual transformation as is the case with sigma models. 
Introducing a variable Y, which is seen to be dual to Y, eq. (13.291) can be rewritten in a 
classically equivalent form 



S 



2ttT 



/p27V 
dr J de^ Ci Tr 



V"" {9mndaX"^dbX"' + 2gmydaX^Gh + QyyGaGb 



+2(A„„,9.X"9iX'" + A^^ye'^'GadbX'^) + 2t'''YdaG, 



(3.30) 



since the variation w.r.t. Y leads to e'^''daGb = or = daY and hence eq. (13.291) can be 
reproduced]^ On the other hand, assuming that all the fields are independent of Ga (or 
Y), the variation w.r.t. Ga leads to 



Ga 

and hence we have 

s = 



9yy 



Vate''d,Y - -g^ydaX"' - A^,y{diX"'r]oa - ^oX^r/, 



1) r ' 



(3.31) 



2tt 



dr / d9^ Ci Tr 



A. 



9mn 
1 



QmyQny ^mzyAnzy \^abQ X'^O^X^ 
9yy ^ 



+ 2 r^'^^daX'^dbY + — r^^^daYdbY 

9yy 9yy 

+ ( + 2 ^tn^IMi^y-^daX^dbX^ + 2 ^-^e'^^'daYdbX'"' 

9yy ^ 9yy 



(3.32) 



Now that we consider T-dual for the background fields in eq. (13.291) (or eq. (l3.32l) ). 
Since we regard {not X^) as the 11th direction, we should take T-dual along the 
X^-direction to transform type IIA superstring theory to type IIB superstring theory. 
Then we can rewrite the background fields in terms of those of the type IIB supergravity 
as follows [3UlEI](cf. Appendix E]), 



9my 
9yy 



(pi) 

Sm 



J88 



(3.33) 
(3.34) 



^We assume that the background fields are independent of Y in ea. (|3.30p . 
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\/{p + qlY + e-'^ff 



JSmJSn 



+ 



-°8m ^8n 



J88 



A 



8[mJn]8 



myz 



J88 



2 n 



9yyj8m : 



(3.35) 

(3.36) 
(3.37) 



where Bj^] and B^] are the NSNS and RR second-rank antisymmetric tensors, respec- 
tively, jjj are the metric in type IIB supergravity, / = Ggg / Ggg = Ag and 



B 



(pi) 
ij 



PBf]+qBf] 



where /, J 



1,2, 
S 



^/{p + qlf + e-'^fq^ ' 
, 8. Then, plugging these equations into eg. (13. 32 p we have 
2tiT 



(3.38) 



dr j de^Ci^{P + qlY + e-^^q^ 



X Tr 



(3.39) 



where we have defined X^ = {X"^,Y). Once we regard X^ as the 11th direction, the 
type IIA string tension Tg is given by 2'n'LiT/y/Ggg [H] since the 11-dimensional metric 
Gmn is converted to the type IIA metric gjj by the relation Gjj = gjj/y/GgQ. Also, if 
we assume that / and ip are constant and hence e''^ = Qb, we have 



27rTCiv/(j3 + g/)2 + e-2^g2 = ^i;iT, ^(p + gO' + e'^V = ^i^p. 



(3.40) 



where Tpg is the tension of a (p, g)-string in type IIB superstring theory [S]. In particular, 
we see that both of the NSNS and RR antisymmetric tensors couple to X^ in eg. (13.391) . 
which implies that the reduced action (13.391) is, in fact, that of the {p, g)-strings. Note 
that wi is just the number of copies of the resulting {p, g)-string. If we set q to be 
zero and hence take {p, q, r, s) = (1, 0, 0, 1), we have the fundamental strings in type IIB 
superstring theory. On the other hand, (p, q, r, s) = (0, 1, 1, 0) leads to the strings which 
couple minimally with the RR B- field, i.e., the D-strings. 



4 Matrix-regularized action in curved background 

In this section we perform the matrix regularization on the wrapped supermembrane 
in curved background by adopting a suitable choice of matrix representation. As we 
mentioned before, the background fields are to be proportional to the unit matrix in the 
matrix regularization here. Then we derive the standard form of (2+l)-dimensional super 
Yang-Mills action in the curved background. 



4.1 Standard form of super Yang-Mills action 

Let us start with the wrapped supermembrane (13. ip where X^,X^,X"^ and A are given 
by egs. (l3.7p . (13.81) . (12. 6p and (12. 7p . respectively. In this section we assume that the 
background metric is block- diagonal 



13 



We shall perform the matrix regularization. The procedure is the same as before (cf. 
subsection 12. ip . however, we should be careful in the choice of matrix representation of 
the algebra. In this case by using the general matrix representation in eqs. (12. 721) - (12. 741) . 
we shall search for the set of parameters which makes the matrix representations of 
and similar to eqs. (l2.3Up and (I2.3ip . respectively. In fact, we find that the choice of 
the parameters 

^ 2TTis 2 ^Tcir ^ 2TTiq 2 2TTip 



WiTlc WiTlc W2^^c W2^c 

di = — ^ , ^2 = 0, /i = — , /2 = 0, (4.2) 
leads to the matrix representation 

X\a\a^) -27riRideilN + Y\0\e^), (4.3) 

X\a\a') -2mR,de.lN + ^^^^-^^^ gi/^ + Y\e\ 6') , (4.4) 

X™((T\a^) ^ X'^id^^d^), (4.5) 
A{a\a') ^ A{e\e'), (4.6) 

and the oscillation modes of the N x N matrices are give by {3(6^,6^) stands for 

ie\ e^), y ie\ e^), {e\ e^) and a {e\ e^)) 

M 

= E E S(„,^+.,„,^+.,)e^^^^V^e-^^^^/^A---/2y-t/-, (4.7) 

U\,U2(i1j Vi,V2 = — M 

where 

Ki = wip{uiN + vi) -W2r{u2N + V2) , K2 = -wiq{uiN + vi) + W2s{u2N + V2) ■ (4.8) 
Then, S satisfies the boundary conditions 

E{e^ + ^,e'-^) = VE{e\e')v\ (4.9) 

WiTlc WiTlc 

E{e'-^,e' + ^) = uE{e\e')u\ (4.io) 

W2nc W2nc 

or 

E{e^ + 271,0^) = u'"^''V'"'PE{e\e^){u'"^w"'py , (4.11) 

E{9\9^ + 2n) = U'"''V'"'''E{9\9^){U'"''V'"''>)\ (4.12) 

which express that the supermembrane wraps around (p, q)- and (r, s)-cycles. Further- 
more, since we have 

27r? 

[a\a^l-^ [c%.+d,9\e%. + fi9^] = —, (4.13) 

i- / d9'd9'TTl^ = ^y^, (4.14) 
N Jp wi\w2\nc 
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where F is a parallelogram generated by the two vectors, (27rs/ {wiric), — 27rr/ {wiUc)) and 
{—2nq/{w2nc),2Trp/{w2nc)), the Poisson bracket and the double integral are represented 
as 

r 

271 ^ ' 

Wi\w2\nc 



{•,-} 



2lT 



N 



de^do' Tr[*; 



N 



2tt 



dO'dO' Tr[*; 



(4.15) 
(4.16) 



The first two terms of the action (13.11) are given by, with rescaling r — > t/N , 



S2+1 



Wi\w2\ncLT 



dr I de^dd'^ Tr 

F 



1 



2(27rL)^ 



where 



Dg2X"' 



drY'-^dorA + 

d,Y^-^de2A + 



2txL 

i 



w\W2ncR\R2 



Y\Y'' 



2tiL 



[A,X^ 



(4.17) 

(4.18) 
(4.19) 
(4.20) 
(4.21) 
(4.22) 
(4.23) 



As before, we rewrite the matrix regularized action by introducing some dimensionful 
constants to adjust the mass dimensions of the fields and the parameters. 



Y\e\e^) - 


-> aAi{x'^ , x'^) , 


(4.24) 


Y\e\e^) - 


aA2{x'^ , x'^) , 


(4.25) 


x"'{e\e^) - 


a(j)"'{x\x^) , 


(4.26) 


A{e\e^) - 


aAo{x'^ , x"^) , 


(4.27) 


e' - 


x'/±i, 


(4.28) 


e'' - 


- XVS2, 


(4.29) 


T - 


x7s. 


(4.30) 



where a has mass dimension —2 and Si, S2 and S have mass dimension —1 as in 
eqs. fl2.45l) - fl2.51l) . Then, in the same way as in subsection 12.11 in order to have the 
standard form of the super Yang-Mills action, we should set 



Si 
S2 



a 

2^' 

a 

27ri?i 

a 
2tiRo 



(4.31) 
(4.32) 
(4.33) 
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Thus eqs.f l4.17]) - fl4.23p are reduced to (we put a = a) 



S2+1 



Wi\W2\nc 
9ym 



J dx'^ J d%^dx^ ^ — det Tr 



al3 



(4.34) 

(4.35) 
(4.36) 



where a,/?, 7, 5 = 0, 1,2, the worldvolume metric Qap is 

the constant magnetic flux fap is 

/oi = /02 = 0, /12 



-1 











G99 


^89 





Gsg 


GgS 



(4.37) 



wiW2nc 



In 1 



(4.38) 



and the region JF in the spacesheet ( X J X ^ is ci parallelogram spanned by the two vectors 
(27rEis/(winc), —2'n''E2^ / {wiric)) and (— 27rSig/ (w2^c)) 27rS2P/ ('W^2'^c))- The matrices sat- 
isfy the boundary conditions (H stands for and 0™) 



:i[x 



27rSiS 



X 



27rS2r, 



27rSig 2 27ri]2P^ 
, X + , 



f/S(x\ 



W2nc 



W2nc 



or 



S(x^ + 27rSi, x^) = f/"'2'-\/"'iP S(x\ x^) {U'"^^"'^)^ , 
S(x\ + 27rS2) = f/"'2V"'i9 x^) {U'^^'V""'")^ . 



(4.39) 
(4.40) 



(4.41) 
(4.42) 



Note that the gauge coupling constant qym is the same as in the flat background case in 
eq.f l2.70p . The third term of the action (13. ip is reduced to 



dx^ / dx^dx^ a/— det Q^p Tr 



Wi\W2\nc 

+ 2Do(j)"'{Di(j)''Amn9 + I^20"im„8) - i{FoiA^mn9 + i^O2imn8)[0 

+ e"^^F,^D>'"i„89 



(4.43) 



One comment is in order: In this subsection we have derived the matrix regularized 
action by using the general matrix representation in eqs. (12. 72p - fl2 . 74p . Of course, the 
same matrix regularized action can be obtained when we first transform and in 
eqs. fi3.7p and (13. Sp by a GL(2,R) matrix as 



X' 
X' 



X9 

X' 



1 

rtr. 



-qR2/Ri p 
and then perform the regularization as in subsection 12.11 



-rR^/R2\ fX^ 
X' 



(4.44) 
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4.2 Duality 

In this subsection we examine the symmetry of the matrix-regularized action, which is 
the sum of ^2+1 (041) and Sj flOHD . 

Smr = + Sf . (4.45) 

If we regard as the local coordinate of a general two-dimensional manifold assuming 
^ or i?2 — > 0, Smr is formally invariant under the following two-dimensional 
general coordinate transformation GC(2,R), 

x' x' = f{x) , (4.46) 

g'^ix) g'^{i) = M\M\g^\x), (4.47) 

A,(x) ^ Mx) = A,{x)iM-y^, (4.48) 
Ao{x) io(x) = Ao(x), (4.49) 



x) ^ 7"N(5)=M r ™ (x), (4.50) 
^m89(a;) -> i™89(5) = (detM) A^89(a;), (4.51) 

0^(2;) ^ (z,j,fc,/ = l,2) (4.53) 



where 

M\ i = 

dx^ 

Note that eq. fl4.48p corresponds to (7/7(2, ]R)-transformation on the (target-space) 8-9 
plane in membrane theory. 

Let us consider S'L(2,M) transformation, which is a subgroup of the GC(2,M), 

g''{x) = A\ A' I g''\A~^x) , Mx) = {A-y^ Aj{A-^x) , 4>"'{x) = 0™(A-^x) , etc. , 



where A is a constant matrix of SL{2, M) parametrized by 



(4.55) 



A= l^eSL{2,R). (4.56) 

It was shown that the type IIB superstring SL{2,M.) duality (at the classical level) can 
be realized as the SL{2, M) target-space rotation of 11-dimensional theory in the effective 
action [30]. In particular, we can easily check that the S'L(2,M) transformation can be 
rewritten as (cf. Appendix [Bl) 



a + br" = ' I ^(2) ) " ^ I 5(2) I ' ^™«p8 = D^nps , etc. 



(4.57) 

where t = I + ie is the moduli fields of a 2-torus and I, J = 1, ■ ■ ■ , 8a Notice that 
this transformation is, in fact, corresponds to the type IIB superstring SL{2,M.) duality. 



""^^In this section, we put the spacetime metric in a block diagonal form eq. (j4.ip to obtain the standard 
form of Yang- Mills action eqs. (|4.34p and (|4.43p through the matrix regularization of wrapped membrane. 
Then, ea. (|4.ip leads to i?^g = -B^^g = in type IIB superstring variables (cf. Appendix IB|) . However, if 
we do not stick to the standard form of Yang-Mills action and carry out the matrix regularization by keep- 
ing the off-diagonal block non-zero, we shall see that two-dimensional general coordinate transformation 
GC(2,]R) leads to the third equation of (|4.57p with non-zero B^l and -B^g, in general. 
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For example, we can see that when a = d = 0, b = —c = —1 and / = 0, the SL{2,M.) 
transformation is reduced to the strong- weak duahty ip = —ip, or e'^ in the type 

IIB superstring theory, which will be seen in the followings. 

Next, we shall examine the type IIB string duality. Let us consider two 2-tori of 
(Li,L2) and (Li,I/2) whose metrics are Guv and Guv, respectively (see (14.11) ). Then, 
following the procedure in the previous subsection, we shall obtain the matrix regularized 
action of the standard form of the super Yang-Mills action (14.341) in each case. We regard 
that those two are to be related by a SL{2,M.) transformation (I4.55l) - P:.56p . Then, 
once we consider the reduction to type IIB superstring with each 2-torus, we shall put 
Ri = R2 = Rb and i?i = -R2 = -R_b as in eg. (13. 131) and hence we find that the string 
couplings are related by 



9b 



\G. 



99 1 



Vdet 



la + brl 



99 1 



VdetGl 



\a + brl'^ ^ = \a + brl'^ gb . (4.58) 



Furthermore, since both Ri and Ri correspond to in (cf. footnote [TU]), the oscillation 
parts of the matrices [A^ and 0™) in the action are related by the SL{2, M) transformation 
as (cf. (jIT!), (iD, (jtSHD and igM)) 



exp 



N 



exp 



N ^ 



exp 



i {dKi + cK2)x^ - {bKi + aK2)x'^ 



N 



, (4.59) 



where S/j = a/{2TcRji) and Tjr = a/{27rRji). In eg. (14.591) Rb = Rb has been used and 
hence Si = ZI2 = = Si = S2. We may rewrite (I4.59P as the transformation of -ft'j's. 



K2 



= dK^ + CK2 , 
k2 = bKi + aK2 . 



Since we expect Ki G Z, we shall put restrictions on the parameters, 

a,b,c,deZ^ Ae SL{2,Z) 
Egs. (l4.60l) - (l4.6ip can be rewritten as the transformation of {p, q, r, s) 



.P Q. 



r s 



p 



d -b 
—c a 

r s) A"^ . 



[p q) A 



-1 



(4.60) 
(4.61) 



(4.62) 

(4.63) 
(4.64) 



This means that the matrices S(p)(A^^a;) can be written by S(p)(x), where we have 
added the suffices in order to distinguish the parameters (p, g, r, s) in the matrices (cf. 
(l4.7p -( H78l) ). Here, we should make a comment on the double dimensional reduction. 
From egs. (l3Ai|l -( l3l5ll . and (SZD-dlSD we shall see that the conditions of 

the double dimensional reduction which corresponds to egs. (l3.20]) - (l3.2ip are given by 
(putting Ri = R2) 



pAi{x) + qA2{x) = , {qdi - pd2)^ix) = . 



(4.65) 
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where $ stands for all the matrices and background fields. Similarly, in the SL{2,M.)- 
transformed frame the double dimensional reduction should be done by (with Ri = R2) 

pAi{x) + qA2{x) = , [qdi - pd2)^x) = . (4.66) 

As was mentioned before, if we choose a S'L(2, M)-matrix 

A= (J "J) g5L(2,M), (4.67) 

eq. fl4.58p becomes 

9b ^ 9b= \t\'^ 9b = l'^9b + 9b^ , (4.68) 

and eq. fl4.63p leads to 

{p q) ^ {p q) = {-q p) ■ (4.69) 

This indicates that in type IIB superstring the system of a {p, g)-string with the string 
coupling gh is dual to that of a (— g,p)-string with 9^^ + P9b- This can be seen through the 
terms Lb{x) = 2L)o0"'(^i0"^mn9+^20''^mn8) in Sf (S33D. In the SL{2, M) -transformed 
frame, is given by 

Lb{x) = 2Do0"^(x)(Di0"(x)i^„9(a;) + ^20"(x)i„„8(a:)) 

= 2D,r{ ( Di^ )^ Ap,- { ^""i'^l ) I 

rir y 



'''on xm \ ( \An n \ ( P-^rnn + qBmn 

, f r(^) _|_ 5r(^) 



= 1 dor {SO, - {pB^2 + qB[^n) ■ (4.70) 

One comment is in order: For a constant G'L(2,]R) matrix M = {M^j) in eq. fl4.54p . the 
maps corresponding to eqs. fl4.58p and 04.630 are given by 

\M\+M\t\'^ 

9b - ~9b= i^^^^i 9b, (4.71) 

{P q) ^ {P q) = {p q)M-\ (4.72) 

Finally in this subsection, we refer to two specific transformations, which are not the 
elements in the SL[2, M) subgroup. First we examine the X^-refiection 

^= (J eZ2CO(2). (4.73) 

Then the corresponding type IIB superstring duality is given by 

= —T" 5 Jmn = Jmn , Jsm = ~38m , JsS = J88 , 



Bin. B'» 
Bf] j " I -Bfj 



DmnpS ^mnpS ■ (4.74) 



In this case the type IIB string coupling is invariant and {p, g)-string is mapped to (p, —q)- 
string under the duality. Note that D^^nnp is invariant under the refiection of since we 
have respected the symmetry of the membrane theory. (See the discussion in ref. |31j.) 
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Similarly, we consider the 8-9 flip 



^= (l o) e^2CO(2). (4.75) 
Then the type IIB superstring duality is given by 

~_|| ~_ii ~_ii 

Jmn — |t| Jmn , JSm — JSm , J88 — J88 5 

r 

^(2) j ^ ( j ' ^rnnp8 = Dmnp8 ■ (4.76) 

This implies the (p, g)-string ^ (g,p)-string and (in / = case) the strong-weak gb ^ g^^ 
duality. 



5 Summary and discussion 

In this paper we have studied matrix regularization of the wrapped supermembrane com- 
pactified on a 2-torus. We have adopted the lightcone wrapped supermembrane compact- 
ified on in the curved background and the wrapping is characterized by two mutually 
prime integers (p, q). We have followed the matrix regularization procedure [22] and also 
applied the double dimensional reduction technique [1] properly to the matrix-regularized 
action as was done in the continuous case [in]. We have succeeded in deducing explic- 
itly the bosonic sector of the matrix regularized (p, g)-string action in eq.f l3.39p directly 
from the wrapped membrane. A BPS saturated classical solution of the (p, g)-string ac- 
tion (13.391) is valid irrespective of the value of the string coupling g^, however the valid 
region to treat the {p, g)-string perturbatively is still obscure and is deserved to be in- 
v<;tigated0 We haw also deduced the (2+l)-dimeus,o„al super Yang-Mills theory in a 
curved background and then we have seen that it really has the symmetries which are 
related to string duality [321 [I] • 

In this paper we have considered only classically the limit of vanishing volume of the 
2-torus with the wrapped supermembrane and it is, of course, important to investigate 
it quantum mechanically. In fact, quantum mechanical justification of the double dimen- 
sional reduction was studied in refs. [T9l [33] . In those references, the Kaluza-Klein modes 
associated with the p-coordinate were not removed classically, but they were integrated in 
the path integral formulation of the wrapped supermembrane theory. However, it is still 
in the beginnings of the quantum mechanical study, and it deserves to be investigated 
further with the results in this paper. 



A Notation 

The target-space indices; 

M,N,P,Q = 1,2,---, 7,8,9, (A.l) 
U,V,W = 1,2,---, 7, y,z, (A.2) 

^''Of course the (l,0)-string (F-string) is an effective mode in a weak coupling region gi, <C 1, while the 
(0,l)-string (D-string) in a strong coupling region 3> 1 for I — 0. 
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7,J = l,2,---,7,8, 
m,n,p,q = 1,2, •••,7, 
u,v — 8,9. 

The worldvolume, worldsheet and spacesheet indices; 

a,P = 0,1,2, 

a,b — 0, 1 , 

ij = 1,2. 

The target-space metrics; 



Gmn — Target-space transverse metric , 
Guv — Rotated target-space transverse metric . 



(Anti-)symmetrization r.w.t. indices; 

1 



— '^{■^^lBuC p + A^BpCp + ApBpCi, 

~-^ij.BpCi, — ApBiiCfj, — AjjBfj_Cp) , 
~ i^{-^iJ.BvCp — ApBuCp) , 

= ]- {A^B, + A,B^) , etc. 



(A.3) 
(A.4) 
(A.5) 



(A.6) 
(A.7) 
(A.8) 



(A.9) 
(A.IO) 



(A.ll) 

(A.12) 
(A.13) 

(A.14) 



B Background fields 

Prom the KK relation between 11-dimensional supergravity and type IIA supergravity, 
the transverse metric Gmn can be written by 



Gmn = e 3'- 



'gij + e^'^AiAj e^'^'Aj' 
h^9iJ + -^GmGj^ Gig 



/Ggg 



Ggg 

Gjg G 

+ -^GmgGnd 



/Ggg 



\ 



Ggg 
Gn9 



n9 



99 . 

_2 

/Ggg 

1 



9m8 



T—GmoGsQ GrnQ \ 



+ ^^89^89 
G%g 



m9 
^89 
G^99 / 



and the third-rank antisymmetric tensor Amnp is decomposed as 

AmNP — {A„inpT^mn9T^mn8T ■^m89) 

{.Gfffijip, Bjfij^j Gfffijig, Bjfi^^ . 



(B.l) 
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Those fields are related to those of IIB as, 



Jmn 



J88 



B. 



fi'Sn 



(1) 
8m 



a 



mtiS 



5(2) + 



2R^^^ 7 



^mnp 

Bsm 
As 



'8mnp 

+ 
mn ' 

JSm 

J88 ' 



O j,--°8[m-°n|8Kp]8 



3[m np] 2 



J88 



r(2) , 
'-"8m "T '-"8m ! 



The modular field of a 2-torus is defined hj t = I + ie and can be rewritten as 



Gqq 



(B.3) 

(B.4) 

(B.5) 

(B.6) 

(B.7) 

(B.8) 

(B.9) 

(B.IO) 
(B.ll) 

(B.12) 
(B.13) 



where V^a = GggGgs — {G. 



89 J 



On the other hand, the 8-9 rotated metric is given by (f/, = 1, ■ ■ ■ , 7, y, z) 



a 



uv 



a 



MN 



^ — Qmn ~\~ Q G mzG nz — Qmy ~l~ ^ G mzG yz Gmz 



1 



G, 



\ 



9yn ~l~ Q GyzGnz 

G<rj,Z 



^ 9yy + Q^^ GyzGyz Gyz 



G 



(B.14) 



yz 



Gzz ) 



When we choose an 5*0(2) rotation as in eq. fl3.15p the background metric on a 2-torus 
is given by 



G 
G 
G 



yy 



yz 



f Gs8 + ^pq Gs9 + Ggg , 
Gs8 - 2pq Ggg + f Ggg , 

pq Gs8 + {V^ - f) Gs9 - pq G99 . 



(B.15) 
(B.16) 
(B.17) 



The background metric on the 2-torus is rewritten by the fields of type IIB superstring 
theory. 



99 



,4¥P/3 -2/3 



(B.18) 
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Gs9 = e'^/'j-J^'l, (B.19) 

Gss = e'^'/'fj/' (f + e-'n . (B.20) 

G.. = e'-/'fJ/'{{p + qir + e-'-f} , (B.21) 

Gy, = e''^'^3li"{{pi-q){ql+P)+Pqe-^''] . (B.22) 

Gyy = e'-''j-i''{{q-plf+P'e-''']- (B.23) 



Note that 



Furthermore, 



^ = ^(p + g/)2 + e-2^g2. (B.24) 



Gmy 1-^ Qmy ~l~ ~ G^nzGyz • (B.25) 



and hence the 9-dimensional metric is also rewritten by 



Furthermore, we shall calculate gmmQyy as follows. The equation, 

^yy ~ — 9yy + "s; GyzGyz , (B.27) 

leads to 

X 1 

Similarly 

Gfnn / _ Qmn ~l~ Gffi2:Gnz ; (B.29) 

V <-^ZZ 

leads to 

Umn / - ( G umG zz GfnzG^ 

vg7z^ 

VKP'q'') q \ Jmn T r/- , -rN9 , _9,o -91 



ViP + qiy + e-^^q^ 1 Jmn - + ^^^^ 

J88 J88 



(B.30) 
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